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1. Introduction 

In the recent years there was a significant progress in the understanding of the 
unstable configurations in superstring theories. This work has been pioneered with 
the seminar papers by A. Sen |T|. It was argued in [^ Q that all D-branes can arise 
as solitonic solutions in the world-volume theory of the unstable configurations of 
D-branes. (For review of the relation between K-theory and D-branes, see [^, for 
recent discussion, see f^, |^, [^lO 

Evidence for this proposal was given from the analysis of CFT description of 
this system [||], for review of this approach, see H, §. It was also shown on many 
examples that string field theory approach to this problem is very effective one which 
allows to calculate tachyon potential [^, ^^,^^,^^,^^^,^^,^ 



23[, p4[, p5|, [26[]. Recently this problem was also studied from the point of view of the 



Witten's background independent open string field theory [^, ^, ^, ^, ^ [S^, ^, 



Success of string field theory in the analysis of tachyon condensation indicates 
that string field theory could play more fundamental role in the nonperturbative 
formulation of string theory. 

The second approach to the problem of tachyon condensation is based on the 
noncommutative geometry [^. This analysis has been inspired with the seminal 
paper p^. Application of this approach to the problem of the tachyon condensation 



was pioneered in |[3^, [3^. This research was then developed in other papers |^, ^, 



In this paper we would like to discuss the problem of the tachyon condensation 
from slightly different point of view. We would like to show that nontrivial tachyon 
condensation is also possible in the action for A^ non-BPS DO-branes, which results 
in the emergence of higher dimensional BPS and non-BPS D-branes in the process 
similar to the emergence of higher dimensional branes in Matrix theory |^, ^ | 



(For review, see |^, ^, |50|, |51|.). However, there is an important difference. In 
matrix theory we work with the exact form of the action and with the maximal 
supersymmetric theory which allows to obtain exact result. On the other hand, we 
do not know exactly the form of a non-BPS D-brane action which can be guessed 
only on some general grounds. Possible form of this action was proposed in seminal 
paper [^, other attempts to define this action appeared in [^, ^, |55|, |5^, ^, ^]. 



We also study system with maximally broken supersymmetry so that the analysis 
is much more difficult. However, we still believe that our approach is useful since 
it presents an evidence of the emergence of higher dimensional D-branes from lower 
dimensional ones thanks to the tachyon condensation. As we will see the resulting 
configurations carry the correct RR charges which allows us to expect that these 
solutions are well defined. 

We start in the section (§) with discussion of the bosonic form of the action 
for A^ non-BPS D9-branes. Then we use T-duality transformation, following |^, in 
order to obtain an action for A^ non-BPS DO-branes. 

In section (|^) we will discuss possible applications of this action. Since we do 
not know the exact form of this action, we restrict ourselves only to the linear ap- 
proximation. We also show that the whole action (without restriction to the linear 
approximation) contains the solution corresponding to collection of non-BPS DO- 
branes. We also show that this action has a solution corresponding to the tensionless 
DO-branes, discussed recently in the case of noncommutative field theories [^, |3^ . 



In sections (^ and (|^) we will show that from the collection of A^ non-BPS D- 
branes we can obtain all BPS and non-BPS D-branes in the limit N -^ oo when 
we can replace infinite dimensional matrices with operators acting on some abstract 
Hilbert space. We will proceed in the same way as in the study of tachyon conden- 
sation in noncommutative theories ^^ |3^, |2| and we will show that these D-branes 



carry nonzero RR-charge thanks to the existence of generalised Wess-Zumino term 

In the next section we start with the action for non-BPS DO-branes, which can be 
obtained from the action for non-BPS D9-branes through T-duality transformation. 

2. Non-BPS D-brane action 

In this section we will discuss the possible form of the action for A^ non-BPS D- 



branes, following the seminal paper |Q. Similar discussions were presented in [p3 , 

M,mm,m. 



We start with the most general form ^ of the action for A^ non-BPS D9-branes 
in the form 



C _ __9 / ^10 

9. 



where 



Jd'^^xSti U-det{E^, + XF^,) 



5^ fn{T'){XE^^''D^TD,Tr + V{T) 



.n=l 



271- 

A = 27rQ:', Cp = V 2Tp, Tp 



(4vr2a')(p+i)/2 



and 



E^, = G^,+B^,, D^T = d^T+t[A^, T], F^, = d^A,-d,A^+t[A^, A,], fx,iy = 0, . . . ,9 

(2.3) 
The gauge field A^ belongs to the adjoint representation of the gauge group U{N). 
Finally, V{T) is the potential for the tachyon. We do not know much about functions 



/„(T ) with exception that should be even functions of its argument ||52|. There is 



also one intriguing conjecture [p6l ETi which says that these functions could be equal 



2 _ rp2 



to the tachyon potential and consequently should be equal to zero for T = T, 



mm^ 



where T^in is a tachyon value at the local minimum. In this paper we will suppose 
that these functions do not need directly equal to V{T) but we will assume that they 
are zero for T = Tmm and also that they obey ^^ ' = for T = T^i^- In other 
words, we expect these functions in the form 

/„(T2)=E6_(T2-Tl„r. (2.4) 

m=l 

Then the kinetic term has a form 

E E bnm{T' - TlJ^iXE^'^D.TD^TY . (2.5) 

71=1 m=l 

In ( p.l|) the Str means the symmetrised trace [|^ Str(y4i, . . . , An) = ^(TrAi . . . An + 
permutations) . In this trace we consider the field strength F and covariant derivative 
DT as a single object as well as (T^ — T^^„), otherwise we could not obtain the result 
that the action is equal to zero for T = Tmm- The prescription for including the 



symmetrised trace was suggested in |6^. The evidence for this proposal was further 
given in |^, ^. We must also stress one important thing. It seams to us that 
the tachyon potential should appear as a single object in the action (as for example 
a covariant derivative) in order to obtain from the action the correct value of the 
tachyon ground state and also in order to obey the requirement that for the tachyon 
equal to its vacuum value the action should vanish. When we used the potential 



-•^We mean the most general form up to the first derivatives. Of course, there could be infinite 
number of higher derivatives. In the case when commutators are small the action with the first 
derivatives is the appropriate one. 



as a matrix valued function, than the symmetrised trace would lead to the different 
arrangements of the various terms from the tachyon potential and we do not know 
how we could get a sensible result. 

In order to obtain the action for lower dimensional D-brane, we use T-duality 



in the same manner as in pq , [59|| . Let us consider T-duality on a set of directions 



denoted with i,j=p+l,...,9. The fields transform as [^ 

Eab = Eab — EaiE'-^Ejfy, Eaj = EakE ^, Eij = E^\ (2.6) 

where a,b = 0,1, ... ,p and E'^^ denotes the inverse of Eij, i.e., EikE^^ = Sf. One 
also has a dilation transformation 

e^^ = e^'^ det{E'^) . (2.7) 

Now T-duality acts to change the dimension of D-brane world-volume. We have two 
possibilities: If a coordinates transverse to Dp-brane, e.g. y = x^^^ is T-dualised, it 
becomes D(p+l)-brane where y is now extra world- volume dimension. If a coordinate 
on the world- volume of Dp-brane is T-dualised, e.g. y = x^, it becomes D(p-l)-brane 
where y is now extra transverse dimension. In the first case, we have a rule for 
transformation of the world- volume fields 

$^+1 ^ Ap+, , (2.8) 

and in the second case 

Ay^^y . (2.9) 

In the second case, the corresponding field strength transforms as 

Fay => Da<^y . (2.10) 

In the T-duality transformation along the world-volume coordinate x^ we presume 
that all field are independent on this coordinate 

(9p^ = . (2.11) 

However, this rule does not imply that D^p^ is equal to zero, rather we obtain 

L)p^^i[$P,^] . (2.12) 

Now we are ready to discuss the action for non-BPS Dp-brane. We obtain this action 



from (2J.) applying T-duality transformations in p -|- 1, . . . , 9 dimensions, following 



^ , |5^ . We will discuss the term 

b = det{E^, + \F^,) . (2.13) 



With using ( p.6| ) we get 



D = det 



-E'^Ekb - \Di,¥ E'^ + i\[¥, $■'■] 



When we use the mathematical formula 
A B\ 



det 



CD 



det "^"^ "" ^ = det (A - BD-^C) det{D) 



we obtain 59 



D = det i^P 
where we have defined 



Eab + Ea,{X'^ - 6'^)E,, ) detiQ'J det{E 



nmj\ 



and 



Qii = E'l + ,A[$\ $^] , P[Ea,] = Eab + 2XEa.D,<l>' + X^E.^Da^'D^^^ 



We have also used 

det(Q*^) = det(Q^"^E^fcE^'^) = det(QJ„) det(E"^^) . 
The analysis of F function in ( |2.1| ) is straightforward and we get 

F = V{T) - J2 fn{T)X' ((^"' - E'''E,,E^')DaTD,T+ 

n=l 

+2iE'^^Efc,-[$^ T]DaT - E,,[^\ T] [$^ T]] 
With using ( |2.7| ) we obtain the action for non-BPS Dp-brane 



Gr, 



5 = _rz / rfP+VStr ( ^- det(P[E,, + Ea^{Xi^ - 5'i)E,,]^det Q)F{T, DT, 
9s 



3. Applications 



(2.14) 



(2.15) 



(2.16) 

(2.17) 
(2.18) 

(2.19) 



(2.20) 



In this section we will discuss the various applications of the previous action. We 
will work with the non-abelian action for N non-BPS DO-branes in Type IIB theory. 
Thanks to gauge invariance, we can pose Aq = 0. Than the covariant derivative is 
Df^ = $. We will work in the fiat space-time background 



E„ 



rjab, a, 6 = 0, E'^ = 6'\ ^,j = l,...,9. 



(3.1) 



(3.2) 
(3.3) 
(3.4) 

(3.5) 



Then we have 

and finally 

P[E,h + Ear{X'^ - 5'^)E^,] = -1 + \\¥f + \^^Hk^{X'^ - 5'^)5,i^' . 

We will work in the leading order in A in which the previous expression reduces into 

-l + \\¥f (3.6) 

and -F(T, . . .) in the leading order approximation has a form 

F = V{T) + f{T)\ff + \f{T)5ij[^\T][^^,T] . (3.7) 

Using these results we obtain the action for N non-BPS DO-branes in the leading 
order approximation 



S 



2 ^4 

+Xf{T)ff + Xf{T)6^j[^\ ^][<l>^ T]) . 



^° / dtStr ( -V{T) + ^^'^^5,, - ^5kiSrm[^\ $'=][$^ ^"']V{T) + 



(3.1 



In what follows we will consider static configurations only, when all fields are time 
independent. Then the action is 



S = -— fdtV{T,<l>) , 

(7« J 



X^ 



V(T, $) = Str V{T) + — [$\ $^][$^ $*]1/(T) - A/(T)[$\ T][^\T] 



(3.9) 



We will also consider the coupling of the non-BPS D-brane to the external RR field. 
This term was calculated in [Q] for single non-BPS D-brane and we have generalised 



this term for A^ non-BPS D-branes in p^ , ^ . Applying T-duality rules on these 
terms give complicated expression which was discussed recently in ^5|. However in 
this paper we will discuss only the leading order term which for non-BPS DO-branes 
has a form 



2T • 






(3.10) 



where P is a pull-back to the world- volume of DO-brane and i$ is the interior product 
Q. Acting on forms, the interior product is an anticommuting operator of form 



degree — 1, e. g., 






flU 



i^i„ = w^v 



'^Cj^j = -i.i.C(2) . (3.11) 



We will see that this Wess-Zumino term (WZ) correctly reproduces the charges of 
higher dimensional D-branes arising from tachyon condensation on the system of A^ 
non-BPS DO-branes. 

We start with simple examples of tachyon condensation which are the solutions 
of the whole action as well. The first one is ||5l[ 



T = T™„(1 - Pk) = diag(0, . . . ,0^T„,„, . . . ,TJ^-'), $* = , (3.12) 

where Pk is a projector on the fist k states which has the form Pk = diag(l, . . . , l'^'). 
It is easy to see that this is a solution of the equation of motion since all commutators 
vanish (we do not need presume the condition fniTmm) = 0) and also it is easy to 
see that ^ = 0. The energy of this configuration is equal to 



E = ^Strr(T) = —TtV{T) = —k , (3.13) 

9s Qs Qs 



where we have used V^(0) = 1 [T^. This is the rest energy of k non-BPS DO-branes. 



However, there is also one nontrivial solution corresponding to tensionless DO-branes 



11 



T = T„,„(l - 2Pfc) = diag(-T^,„, . . . , -T^,„, T^,„, . . . , T^^-'=), <l>^ = . (3.14) 

As in the previous solution commutators are equal to zero and the variation of the 
potential gives 

^ = £ na„2T(r2 - T^ J"-\ (3.15) 

since we can presume that the potential has a form V{T) = J2^=i(^n(T'^ — ^jnm)"- 
Then we can immediately see that ( |3.14D is a solution which is a extreme of the 
potential since 

rl„(l - 2P,)2 = Ti„ . (3.16) 

The energy of this configuration is equal to 

E = — TrV(T) = , (3.17) 

9s 



since T^ = T^^^Iatxat. What is a physical meaning of this object? We think that this 
object is equivalent to the tensionless DO-branes discovered recently in [^, |3^ in the 
framework of noncommutative theory. It was argued in [^] that these objects are 
gauge equivalent to the vacuum. The same problem was discussed in |^. We see 
that we can obtain tensionless DO-brane in our approach. It would be very interesting 
to study fluctuation around this solution. We hope to return to this puzzle in the 
future. 

4. Dl-brane 

In this section we will consider more general solution when V{T) and f{T) does not 
commute with $. Then the equation of motion for $* has a form 

A[T,[<|.\r]/(T)] + A[T,/(r)[$\T]] + 



and the equation of motion for tachyon 

-A {[[¥, T]fiT), $^] + [/(r)[$\ T], $']) = . 



(4.1) 



(4.2) 



We take an ansatz 

T = F(xi) = Y. bnxl, $' = k-^X2, [xi, X2]=ik, $' = 0, i = 1, 3, . . . , 9 , (4.3) 
where F{x) approaches Tmin for x -^ — oo and —Tmin for x —>■ oo. Then 

[xl,X2\ = 2ikxi, [xl, X2] = -iikxl, ..., [xi,X2] = nikx^^'^ . (4.4) 

Using this result we obtain 

[r,$2] = k-'[J2bnx'l,X2] =iY.h^xr^n = i^ , (4.5) 

and consequently 

[T\ $2] = 2zT— , [T^ $2] = 4zT3— , . . . , [T^", $2] = ^2nT'^~'— . (4.6) 
ctxi dxi dxi 

With these results in hand we obtain 



where T' = ^. Then the equation of motion for tachyon has a form 



dx 

^ _ x^T'^ - 2XfT" = . (4.8) 

After multiphcation with T' we get the result 

V'{T{x,)) = {XfT")' -^ V{T) = XfiT)T" , (4.9) 

where the integration constant has been set to zero. In the previous expression we 
have used 

(v(T(xi)))' = E «n(r2")' = E «n2nT2-ir = ^r . (4.io) 

The equation of motion for $^ is trivially satisfied since 

[T, [$^ T]f{T)] = ~i[T, T'V{T)] = . (4.11) 

An energy of this solution is 

E = — StrV(T) = 2— Tr\/(T(xi)) , (4.12) 

9s 9s 

where we have used ( ^4.9| ). Since we do not known the exact form of the f{T) function 
we cannot determine the tachyon field so that we will work with ( [4.12| ) without exact 
form of the tachyon field T = F{xi). Note that in this solution we do not need to 
presume that Tmin is extreme of f(T) with f(Tmin) = 0. It seams that this solution 
is more general one than the solution given in the section (^. 

We must stress one important thing. We work in this section in the limit N —>■ oo, 
when we can replace the matrices with the abstract operators action on Hilbert space, 



in the same way as in Matrix theory [^, ^, ^, ^. Then a;i,a;2 are as the same 
operators as operators of coordinate and impuls for one particle system in standard 
quantum mechanics and we can easily calculate the trace in ( [1.1 2| ) 



^°^r2F(T(xi)) = 2— 
9s 

dx2dx'idx[ {x2\x^ V{T{xi)) {xWx'[) {x'[\x2) 



E = ^Ti2V{T{xi)) = 2^ f dx2 {X2\ V{T{xi)) \x2) 
9s 9s J 

2Co 



9s 

■^0 /" J J 1/ I W'i-irfrri \\ 2Co 



2 — / dx2dxi\ (x2|a;i) | V{T{xi)) = / dxidx2V{T{xi)) , 

9s J gs2Tck 



where we have used the standard normalisation 

1 



(4.13) 



xi|x2) = ^^e'"!"^/*^ , (4.14) 



where |a;i) , \x2) are eigenvectors of Xi and X2 with the normahsation condition 



{xi\x\) = 6{xi — x'l), (a;2|x2) = 6{x2 — x'^)- In |T^, ^ the energy of tachyon lump on 
unstable non-BPS D-brane was calculated. It was shown that the tension of result- 
ing lump (in linearised approximation) is given with the integral C^l dxV{T[xy) ~ 
T_i = 27r. We cannot write equality since we do not know the precise form of 
T = F[x) and we do not know the exact form o tachyon potential. However we can 
expect that this integral gives the result proportional to the tension of D(-l)-brane 
and then we get 

E ^^^^ f dx2 = ^ f dx2 ,k = kX~^ , (4.15) 

which corresponds to the energy of Dl-brane. The factor k can be absorbed with 
coordinate redefinition. We claim that the energy of this configuration corresponds 
to the energy of Dl-brane. This conclusion is also supported with the analysis of the 
WZ term ( |3J0|) 



wz = ^ f dtTn[^\T]Cif = -f^-1- f dtdx,dx2'^Cif 



- / dtdxi (T(oo) — r(— oo)) C2t = /^i / dtdx2Cl. 



■''-'■ mm 41:71 CX K, 



(4.16) 



where we have used T{oo) = —Tmin,T{oo) = Tmin, and have dropped the factor k. 
This is precisely the coupling between Dl-brane and RR two form. It is remarkable 
that this exact result does not depend on the precise form of tachyon field. We 
hope that this result gives strong evidence that ( [4.3|) really leads to the emergence 
of Dl-brane. However, we must stress again that it seams to be hopeless to calculate 
exactly the energy of resulting configuration without knowledge of exact BI action 



for non-BPS DO-brane. On the other hand, recent results given in |Q suggest that 
higher derivative terms could be gauge artefacts only and then it seams to be possible 
to obtain exact solution. 

4.1 Other BPS D-branes from non-BPS DO-branes 

In this subsection we will see that we can obtain all BPS D-branes through tachyon 
condensation in the same way as a Dl-brane. Let us consider an ansatz 

T = F{xi), <l>^ = k^^X2, [xi, X2] = ik , 
$2^ = fc-ip., $2^+1 = k-^q.^ [p.^ g.] = ik.^ i = l,...,p , 

$^ = 0, i = 2p + 2,...,9 . 

(4.17) 
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It is easy to see that this ansatz solves ( |4.1| ) and from ( [4 .21 ) we obtain 



y (T(xO)(l + V E r) = ^f(Tixi))T" . (4.18) 

^ i=l '^i 

We choose the Hilbert space basis 

IV') = ki) ® bi) ® . . . ® bp) , (V^IV^') = (5(xi - x[)S{p, - p\) . . . 5{pp - pp . (4.19) 
Then the energy of given configuration is equal to 

9s 2 .^^ ki k ULi ki ^ r=i kf J 

(4.20) 
This is proportional to the energy of D(2p+l)-brane since this energy scales as V2p+i 
which is a volume on which this D-brane is wrapped. We have also defined ki = X~^ki. 
These factors can be dropped out from the action after redefinition dpidqi/ki — > 
dx2idx2i+i- Since we used the action in linear approximation, the commutators should 
obey 

A2[$\$Y<1^^<1 • (4.21) 

In limit A; ^ oo we can neglect the second term in the bracket and after the second 
redefinition X2 —>■ Xi we obtain the result 

E ~ T2P+1 / dxidx2 . . . dx2p+i , (4.22) 

which suggests that the resulting configuration is D(2p+l)-brane. This claim is also 
supported with the analysis of the Wess-Zumino term which has a form 

Twz = ^ fdtStr (e^''-'H[h,T]J2C^A = ^ f dtStn[<!>\T]C[f - 



- rnvn \ n 

p 



AT . 

^-^ mm i—i ' 



«/i_l 



■ ■ ■ + '^tr '^"^ / rftStr[$^ $^] . . . [$^^ $^^+^] [$\ T]Cf?;4.,,...,3.., . 

^-'■min •' 

(4.23) 

The first term in ( [4.23|) corresponds to the coupling of Dl-brane to two form C^'^\ 
as we have seen in ( [4.16| ). We will see that this configuration is charged with respect 
to C^'^\C^'^\ . . . , C^^^-* ^. The same thing also arises in the construction of higher 

^ Since the various commutators are pure numbers we can replace the symmetrised trace with 
the ordinary one. 



11 



dimensional objects in Matrix theory p6| , ^ , |48| , |49| , pO| , pl[] . The second term in 
(|;23D gives 



E 



/^l 



1 27rA/cj 



dtdxidpidqiCli2i,2i+i = Ea*3 / dtdxidx2idx2i+iC^ 



(4) 
tl,2i,2i+l 



(4.24) 



where Mj is a submanifold parameterised with t,xi,X2j, X2j+i. It is clear that the 
previous term corresponds to p D3-branes wrapped submanifolds Mj. Again, their 
interpretation is the same as in Matrix theory. 

In the same way we can proceed with other terms. For example, let us consider 
the third term in ( [4.23|) with i = l,j = 2. Then we obtain 



dtStT[^\^'][^\^'][^\T]C^li,2t 



yWs 



dtdx2dpidqidp2dq2Ci5432t 



,^ , - JL- '- JL- ^'i-io^^zi l.2j,.2u 

= /i5 / dtdx\dx2 ■ ■ ■ dx^Ctx...^ = A^e / C , 

(4.25) 

where M12 is a six dimensional submanifold parameterised with coordinates t, xi, . . . , 0:5. 
Finally, the last term in ( [4. 2 3] ) gives 

/i2p+i / dtdxidx2 . . . dx2pC\ll'^fp = ^2p+i I C^^*'+^^ . (4.26) 

We see that this configuration really corresponds to the BPS D(2p+l)-brane. The 
fact that $* in ( 4.17 ) do not commute suggests that the world- volume of resulting 
configuration is noncommutative. It would be nice to study the fiuctuation around 
this static solution. We hope to return to this interesting question in the future. 

In the next section we would like to show that the action for A^ non-BPS DO- 
branes naturally leads to the non-commutative action for any higher dimensional 



non-BPS D-brane, following [^ 



5. Non-BPS D-branes from non-BPS DO-branes 

We have seen in the (^ section that the action for A^ non-BPS DO-branes has a 
trivial solution 

T = T™a^x^,<l>* = 0,^ = l,...,9, (5.1) 

corresponding to the unstable vacuum with A^ non-BPS DO-branes. There is a ques- 
tion whether we can construct other non-BPS D-branes. Let us answer this question, 
following 1^ and also earlier works |^, ^, ^, ^ [70| . 
We start with the action 
Co 



S 



9s 



dtSti 



det{P[Eu + Eti{X^^ - 6'J)Ejt] x 



xv'det(Q5)xF(T,t,$^.. 



(5.2) 
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with 

oo 
n=l 



F = V{T) - J2 fn{T)\" ((^" - E"EijE^')TT+ 

n=l 

+iE^^EKj[^-^, T]t - Ejj[^^, T] [<l>^, T]' " 



(5.3) 

We introduce the constant background metric Ejj = gu, with vanishing Bjj and 
with E^^ = 0. Then Q" = g^-^ + i\[^^ , $'^].) We also use the notation I,J,K,...= 
1, . . . ,9;i,j,k, . . . = 1, . . . ,2p;a,b,c, . . . = 2p + 1, . . . ,9. We also assume that this 
background metric is block-diagonal with the blocks gij,gab with gia = 0. Let us 
propose an ansatz 

T = , $*,,,, = X-'x\ t = l,...,2p, [x\ x^] = t&^ (5.4) 

and other fields $", a = 2p + 1, . . . , 9 in the form ^"- = x^-In^n, which describe the 
transverse positions of the resulting D-brane. It is easy to see that this ansatz ( |5.4| ) 
is a solution of the equation of motion of the whole action since the commutators 
between tachyon and scalar field vanish and also from the fact that commutators of 
two $'s are pure numbers and consequently [$*, [^\ $']] = 0. 

Next we will analyse the fiuctuation around this background. We will closely 



follow 40 and write 



Q = XBij^^ = XBij^ii,^ + X^i^^^ = Bijx^ + Ai, t = l,...,2p 

$- = $", a = 2p + l,...,9, Tfi^ct = T 



(5.5) 



and calculate 

[Ci, Cj] = -iBij + Bik[x\ ij] - Bji[x\ Ai] + [Ai, ij] , 

(5.6) 

[a,$1 = fi.fc[x^$1 + [A,<l'1 , (5.7) 

where we have used 

BikBjilx'', x'] = ~Biki{B-YBij = -iBij . (5.8) 



Using 
we obtain 
where 



$'■ = X~^e'''Ck , (5.9) 

tX[<l>\ <!>'] = X-'Q'\Eki - Bki)Q'' , (5.10) 

hi = -iBik[x\ Ai] + iBji[x\ Ai] - i[i„ Aj] . (5.11) 
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The best thing how we can study the fluctuation around the classical solution is to 
start with the original form of the determinant 



D = det 



9tt 



AA$^ 



/ r^Jl 



AA$ ^^^+^A[$^$ 



det 



/ Du Dtj Dtb \ 
Dit Dij Dii, 

\ Dat Daj Dab j 



(5.12) 



with the action in the form 

Co 



S= ^ /" c/tStry^detc//jV-detD x F(T, $,...) 

9s J 



(5.13) 



where the factor -^/det gu arises from T-duality transformation of the dilation (|2.7| ) . 
We have also written Dt instead dt in order to obtain more symmetric expression. 
(Remember, we are working in gauge A^ = 0.) Then we obtain 



Dtb = AA$' , At = -Q'^DtAk , Dt, = -DtAkQ''' , Dat = -XDt^" 
Aft = -e^'^A^' , A, = -A^^e'^^ , 



where 



Finally we have 



Then 



iD,M = [Ck, M] = Bki[x\ M] + [Ai, M] 
A6 = ^'^' + ^A[$^$^]=Q'^^ 



(5.14) 

(5.15) 
(5.16) 

(5.17) 

(5.18) 



/At - DtbiQ-^)bcD,t Dtj - DtbiQ-^)bcD,j Ab\ 
D = det Du - D,b{Q-^)bcDct A, - A6(Q"')6cAi Aft (5.19) 

^0 Q"^y 

The first block-diagonal term suggests emergence of D(2p)-brane. We will show this 
more precisely 

Dtt-DtbiQ-%cD,t = gtt + X'Dt<^^iQ-')abDt<^' = P[gu + gta{X''' ~S''')gbt] , (5.20) 

where meaning of various terms it the same as in the section (^ . In the similar way 
we obtain 



Dtj - DtbiQ 



-i\ 



,,Ai = {-DtAk + \Dt^\Q-\,Dk^')Q^^ = 
= i-XFtk + P[gtk + gtaiX'^' - S'''')gbk])X-'Q''' 
Du = -X-'&'i-XF.t + P[gkt + gkaiX'^' - S''')gbt]) 



(5.21) 
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= -&^\~\Bki - Fm + P[Gm + GUX^' - S^')GuW ; G,, = -X^Q.^g^'Qi, . 

(5.22) 

We combine Du with Dij, D^, Dij into one single matrix Vij, i,j = 0,l,...,2p. Then 
D is equal to 

D = (det Xef det V det Q'^ , V = QV'Q , (5.23) 

where we have used 

_ (A BX \ /I \ / A fi\ /l 0\ ,_,, 

In previous expression X = F = AO. We can also write 

det^detQ'''' = det(Q^) , (5.25) 

where we have used the fact that the original action ( p.l3| ) contains the factor 
Jd.ei{gij) = Jdet{gij)Jdet{gab)- We can analyse F function ( p. 3D in the similar 
way. More precisely 

-X-^Q'''e^^[Gk,T][Gi,T] = X-^&^'Q^^DkTDiT = -X-\<dDTDTQf , (5.26) 

and consequently 

-^,,[$^T][$^T] = -g,,X'[&'Ck,T][Q^'Ci,T] = 
= -G''[Gk,T][Gi,T] = G'W.,TD,T . 

(5.27) 

As a result we obtain 

F = V{T) - ^ /„(T)A" (G'W,TD,T - (7a6[$^^][<l>^T])" , (5.28) 

n=l 

where we have included gu into the definition of Gij. 
With these results in hand we get the final result 



S = -^Str [ dt^Jdet{g,j)det{X-^Q) x 

U Q J 



x,J-det{X{FM-BM)+P[GM + GUX-'-S''')Gu]^det{Qt)xF{T,DT,...) , 

(5.29) 

where we have used 

det (A + B) = det (A + Bf = det (A - B) ,A^ = A, B'^ = -B . (5.30) 
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In the previous equation the trace goes over N x N matrices. Following [^, we can 
take the limit N ^ oo. Then there is a standard relation between the trace over 
Hilbert space and integration in noncommutative theory, see [p7| , ^ 



f d^Px = {27i)''Vd^tQTT . (5.31) 



We must also remember that the multiplication in the resulting action is noncom- 
mutative one with the ordinary product replaced with the star product since, as we 
can see from (|5.4| ), the world- volume of a non-BPS D(2p)-brane is noncommutative. 
With using 

/det \B 



G, = gJ— , Vdet A-ie = A^^Vdet 6 , (5.32) 

V det^ 

we obtain from ( |5.29| ) the action for non-BPS D(2p)-brane 

S = -^ j dtd^^x^- det (X{Fki - Bui) + P[Gki + GUX^^ - 5^')Gbi]) x 



X ^/det(Q^) V{T) - J2 fn{T)X' [G'^'DaTD.T - g,,[^\ T] [<l>^ T] 

\ n=l 



(5.33) 



where we have used 

T^T^ = Cap . (5.34) 

(27rA)P ^ ^ ' 

We have seen that A^ non-BPS D-branes in the limit N ^ oo have solution corre- 
sponding to non-BPS D-branes of higher dimension. This solution is in some sense 
dual to the tachyon condensation on the world-volume of space-time filling branes 
with non-commutative world-volume. In fact, there is a closed relation between 
non-BPS DO-branes and action for non-BPS D-brane written in operator formalism 
p^ , |39| , ^^. In this section we have demonstrated this relation more explicitly. The 



generalisation to the case of non-abelian non-BPS D(2p)-brane is straightforward 



6. Conclusion 

In this short note we have presented some results considering tachyon condensation 
in the system of N non-BPS DO-branes. We have seen in the section (H) that there 
is a solution with zero mass which we have interpreted as a tensionless DO-brane 



[p9| , p8| . This problem is similar to the problem of tensionless circular D8-brane in 
[pl[l . However, there is a puzzle. If this was genuine light state in Type II string 
theory they should have been known already from other studies. At present we do 
not know how resolve this puzzle. Resolution of this problem has been suggested in 
np in the framework of noncommutative geometry which was based on the extra Z2 
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discrete gauge symmetry of the action for non-BPS D-brane. We hope to return to 
this important question in the future. 

In section (Q) we have proposed an ansatz which leads to the emergence of BPS 
D-branes from non-BPS DO-branes. Unfortunately, we were not able to calculate 
the tension of resolution object directly, since we have used the linear approximation 
only. However, from the form of the energy of this configuration which scales as a 
energy of BPS D-brane and also from the charge of resulting configuration we can 
claim the these solutions really describe BPS D-branes in Type IIB theory since 
non-BPS DO-branes are present in Type IIB theory. It would be nice to go beyond 
linear approximation which seams to be impossible at present since we do not know 



the exact form of the action. On the other hand, it was suggested in [Q that it is 
possible that higher order terms in the action are only gauge artefacts. It would be 
nice to have some exact proof this intriguing conjecture. 

We have also seen that from the action for non-BPS DO-branes we can obtain 
action for higher dimensional non-BPS D(2p)-branes in the very elegant way used 
in the construction of higher dimensional branes in Matrix theory and in Type IIB 
theory. We have seen that this analysis is valid for the whole effective action without 
restriction to the linear approximation. The same analysis could be possible with the 
Wess-Zumino term for a non-BPS DO-branes which could lead to the Wess-Zumino 



term for noncommutative D-branes presented recently in the beautiful paper [^ 
We hope to return to this question in the future. 



17 



References 



[1] A. Sen, "Stable non-BPS bound states of BPS D-branes," J. High Energy Phys. 9808 
(1998) Ol0| , |hep-th/9805029 ; 



"SO(32) spinors of type I and other solitons on brane-antibrane pair, " \J. High Energy 
Phys. 9809 (1998) 023|, [hep-th/980"8l4lt 



" Type I D-particle and its interactions, " J. High Energy Phys. 9810 (1998) 021 



hep-th/9809111 



"Non-BPS states and branes in string theory," hep-th/9904207, and reference 
therein. 



[2] 
[3] 



[4] 
[5] 
[6] 
[7] 

[8 

[9 

[lo; 



[11 

[12 

[13; 

[14 
[15 



E. Witten, "D-branes and K-theory," \J. High Energy Phys. 9812 (019) 1998 , 
[hep-th/9810188 



P. Hofava, "Type U D-branes, K-Theory and Matrix Theory," Adv. Theor. Math. 



Phys. 2 (1999) 1373i lhep-th/9812135 . 



K. Olsen and R. J. Szabo, "Constructing D-branes from K-theory," |hep-th/9907140 . 
E. WiitQ-B.," Overview Of K-theory Applied To Strings," |hep-th/0007175 



Y. Matsuo, "Topological Charges of Noncommutative Soliton," hep-th/0009002 



J. Harvey and G. Moore, "Noncommutative Tachyons and K-Theory," 
[hep-th/0009030 . 



A. Lerda and R. Russo, "Stable non-BPS D-states in string theory: a pedagogical 



review, " |hep-th/9905006 



J. Schwarz, "TASI Lectures on Non-BPS D-Branes Systems," liep-th/9908144 



A. Sen, "Universality of the tachyon potential," J. High Energy Phys. 9912 (1999) 



027] , |hep-th/9911116 



A. Sen and B. Zwiebach, "Tachyon Condensation in String Field Theory," 
|hep-th/9912249 . 



N. Berkovits, "The Tachyon Potential in Open Neveu- Schwarz String Field Theory," 
[hep-th/0001084 . 



J. A. Harvey and P. Kraus, "D-Branes as Lumps in Bosonic Open String Field The- 



ory, " \J. High Energy Phys. 0004 (012) 2000| , |hep-th/0002117 



N. Berkovits, A. Sen and B. Zwieabach, "Tachyon Condensation in Superstring Field 



Theory, " Piep-th/0002211 , 

N. Moeller and W. Taylor, "Level truncation and the tachyon in open bosonic string 



field theory, " liep-th/0002237 



18 



[16] 

[17] 

[18] 

[19] 

[20] 
[21] 
[22] 

[23] 

[24] 

[25] 

[26] 

[27] 

[28] 



R. de Mello Koch, A. Jevicki, M. Mihailescu and R. Tatar, "Lumps and p-branes in 



open string field theory, " \Phys. Lett. B 482 (249) 2000| , |hep-th/0003031 



P. J. De Smet and J. Raeymaekers, "Level-four approximation to the tachyon potential 



in superstring field theory, " hep-th/0003220 



A. Iqbal and A. Naqvi, "Tachyon Condensation On A Non-BPS D-Brane," 
[hep-th/0004015 . 



N. Moeller, A. Sen and B. Zwiebach, "D-branes as Tachyon Lumps in String Field 



Theory," tiep-th/0005036, 



J. R. David, "U{1) gauge invariance from open string field theory," liep-th/0005085 . 



E. Witten, "Noncommutative Tachyons And String Field Theory," tiep-th/0006071 



L. Rasteli and B. Zwiebach, "Tachyon Potentials, Star Products and Universality," 
[hep-th/0006240 . 



A. Sen and B. Zwiebach, "Large Marginal Deformations in String Field Theory, " 
|hep-th/0007153 . 



W. Taylor, "Mass generation from tachyon condensation for vector fields on D-brane, " 
|hep-th/0008033 . 



R. de Mello Koch and J. P. Rodrigues, "Lumps in level truncated open string field 



theory," liep-th/0008053 



A. Iqbal and A. Naqvi, "An Marginal Deformations in Superstring Field Theory, " 
[hep-th/0008127 . 



A. Kostelecky and R. Potting, "Analytical construction of a nonperturbative vacuum 



for the open bosonic string," hep-th/0008252. 



E. Witten, "On background independent open string field theory, " \Phys. Rev. D 36 
(5467) 1992| , |hep-th/9208027| . 



[29] 
[30] 
[31] 



E. Witten, "Some computations in background independent off-shell string theory, " 
Phys. Rev. D 47 (3405) 1993|, |hep-th/9210065. 



K. Li and E. Witten, "Role of short distance behaviour in off-shell open string field 
theory, " \Phys. Rev. D 48 (853) 1993| , [hep-th/9303067 . 



S. L. Shatashvili, "Comment on the background independent open string theory," Phys. 



Lett. B 311 (83) 199^ , |hep-th/9303143 . 



[32] 

[33] 



S. L. Shatashvili, "On the problems with background independence in string theory," 
|hep-th/9311177 . 



A. A. Gerasimov and S. L. Shatashvili, "On exact tachyon potential in open string 



field theory," liep-th/0009103. 



19 



[34] 
[35] 
[36] 



D. Kutasov, M. Marino and G. Moore, "Some exact results on tachyon condensation 
in string field theory, " hep-th/0009148| . 



D. Ghoshal and A. Sen, "Normalisation of the Background Independent Open String 



Field Theory Action, " |hep-th/0009191 



N. Seiberg and E. Witten, "String Theory and Noncommutative Geometry, " J. High 
Energy Phys. 9909 (032) 1999| , |hep-th/9908142| . 



[37] 



R. Gopakuniar, S. Minwalla and A. Strominger, "Noncommutative solitons, " \J. High 
Energy Phys. 0006 (022) 2000| , |hep-th/0003160| . 



[38] 

[39] 

[40] 

[41] 

[42] 

[43] 

[44] 
[45] 

[46] 

[47] 



K. Dasgupta, S. Mukhi and G. Rajesh, 
[hep-th/0005006 . 



"Noncommutative Tachyons, " 



J. A. Harvey, P. Kraus, F. Larsen and E. J. Martinec, "D-branes and strings as 



noncommutative solitons, " piep-th/0005031 



N. Seiberg, "A Note on Background Independence in Noncommutative Gauge Theo- 



ries, Matrix Model and Tachyon Condensation," hep-th/0008013 . 

J. A. Harvey, P. Kraus and F. Larsen, "Tensionless Branes and Discrete Gauge Sym- 



metry, " |hep-th/0008064 . 

R. Gopakumar, S. Minwalla and S. Strominger, "Symmetry Restoration and Tachyon 



Condensation in Open String Theory, " [hep-th/0007226 



G. Mandal and S. J. Rey, "A note on D- Branes of Odd Godimensions from Noncom- 



mutative Tachyons, " Piep-th/0008214 



A. Sen, "S'ome Issues in Non-Gommutative Tachyon Condensation," liep-th/0009038 . 
S. Mukhi and N. V. Suryanarayana, "Chern- Simons Terms on Noncommutative 



Branes, " |hep-th/0009101 



T. Banks, W. Fischer, S. Shenker and L. Susskind, "M Theory as a Matrix Model: A 
Conjecture, " \Phys. Rev. D 55 (1997) 5112i ^lep-th/9610043| . 



T. Banks N. Seiberg and S. Shenker, "Branes from Matrices," ^ucl. Phys. B 497 



(1997) 41| , |hep-th/9612157 



[48] 
[49] 

[50] 
[51] 



W. Taylor, "Lectures on D-branes, gauge theory and M(atrices)," |iep-th/9801182 . 
T. Banks, "Matrix Theory," \Nucl. Phys. 67 (Proc. Suppl.) (1998) 180 



|hep-th/9710231 



T. Banks, "TASI lectures on Matrix Theory," liep-th/9911068. 



W. Taylor, "The M(atrix) model of M-theory," hep-th/0002016. 



20 



[52] A. Sen, " Supersymmetric World-volume Action for Non-BPS D-branes," J. High En- 
ergy Phys. 10 (1999) 008| , >iep-th/9909062 . 



[53; 
[54; 



[55 
[56; 

[57; 

[58; 
[59; 

[60 
[61 



[62 

[63; 

[64; 

[65 

[66; 

[67; 
[68; 



J. Kluson, "Remark about non-BPS D-brane in Type IIA theory," liep-th/9909194. 



J. Kluson, "D-branes from N non-BPS D9-branes in IIA theory," J. High Energi 
Phys. 02 (017) 200q , ^ep-th/9902"4l| 



J. Kluson, "D-branes in Type IIA and Type IIB theories from tachyon condensation, " 
|hep-th/0001123 . 



M. R. Garousi, "Tachyon coupling on non-BPS D-branes and Dirac-Born-Infeld ac- 



tion, " [hep-th/0003122 



E. A. Bergshoeff, M. de Roo, T. C. de Wit, E. Eyras and S. Panda, "T-duality 
and Action for Non-BPS D-branes," \J. High Energy Phys. 0005 (009) 2000 
[hep-th/0003221 



J. Kluson, "Proposal for non-BPS D-brane action, " to be published in Phys. Rev. D, 
|hep-th/0004106 . 



R. C. Myers, "Dielectric D-branes," \J. High Energy Phys. 99 (12) 1999 , 
[hep-th/9910053 



A. A. Tseytlin, "On non-abelian generalisation of Born- Inf eld action in string theory," 
|hep-th/9701125 . 



W. Taylor, W. Taylor and M. Van Raanisdonk, " Supergravity currents and linearised 



interactions for matrix theory configurations with fermion backgrounds," I. High En 



ergy Phys. 9904 (1999) 013| , |hep-th/9812239 



W. Taylor and M. Van Raanisdonk, "Multiple DO-branes in weakly curved back- 



grounds, " |hep-th/9904095 



A. Giveon, M. Porrati and E. Rabinovici, "Target Space Duality in String Theory," 
\Phys. Rep. 244 (1994777] , [hep-th/9401139 . 



M. Billo, B. Grasp and F. Roose, " Ramond-Ramond Coupling of Non-BPS D-branes," 
J. High Energy Phys. 06 (1999) 03^, |hep-th/9905157. 



B. Janssen and P. Messen, "A non-Abelian Chern-Simons term for non-BPS D- 



branes, " |hep-th/0009025 . 

M. Nakahara, "Geometry, Topology and Physics," lOP Publishing, 1990. 



M. Li, "Strings from IIB Matrices, " ^ucl. Phys. B 499 (1997) 149| , |hep-th/9612222 . 



H. Aoki, N. Ishibashi, S. Iso, H. Kawai, Y. Kitazawa and T. Tada, "Noncommutative 
Yang-Mills in IIB Matrix Model," \Nucl. Phys. B 565 (2000) 176| , [hep-th/9908141 . 



21 



[69] N. Ishibashi, "A relation between commutative and noncommutative descriptions of 



D-branes," [hep-th/9909176 , 
[70] N. Ishibashi, H. Kawa and Y. Kitizawa, "Wilson Loops in Noncommutative Yang- 



Mills, " hep-th/99 10004 



22 



